Algebra
Indices:

At Grade B and C levels, you should be familiar with the following rules of indices:
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i.e. add powers when multiplying;
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i.e. subtract powers when dividing;
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i.e. when you have a power of a power, multiply powers together.
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i.e. anything to the power 0 is 1.

Example:

Simplify each of the following, if possible:
a)  
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b)  
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d)  
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Solution:

a)  
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(add powers together).
b)  
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c)  
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(anything to the power 0 is 1)

d)  
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(multiply powers together)

e)  
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this cannot be simplified as the base numbers (a and b) are different letters.
Example 2:

Work out the value of each of the following:

a)  
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b)  
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Solution:

a)  
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b)  
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(anything to the power 0 is 1)

c)  
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Example 3:

Simplify:  
a)  
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b)  
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Solution:

a)  
[image: image24.wmf]{

5

4

4

12

3

4

3

4

x

x

x

x

x

=

´

´

´

=

´

3

2

1


(i.e. multiply together the numbers and add the powers)

b)  
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(i.e. divide numbers and subtract powers)

c)  
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Examination Style Question

Find the value of x in each of the following:

a)  
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b)  
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c)  
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d)  
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Examination Style Question 2:

Simplify fully each of these expressions.  Leave your answers in power form.

a)  
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c)  
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e) 
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Examination Style Question 3:

Simplify each of the following expressions.

a)  
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b)  
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c)  
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Expanding brackets
Expanding out a single bracket: You can remove a single bracket by multiplying everything inside the bracket by the number, or expression, on the outside.

Example

Expand the following brackets:

a)  6(7d – 4)

b)  y(8y – 2x + 1)

c)  
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d)  2xy(4x – y)

Solution:
a)  6(7d – 4):  Multiply both the 7d and the 4 by the number on the outside:


We get 6(7d – 4) = 42d - 24

b)  y(8y – 2x + 1):  Multiply everything in the bracket by y:


We get:  y(8y – 2x + 1) = 8y2 – 2xy + y

c)  
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:  Multiply all the terms inside the bracket by 5x:

We get  
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d) 2xy(4x – y):  Multiply the 4x and y by 2xy:


This gives: 2xy(4x – y) = 8x2y – 2xy2.

You need to take care when there is a minus sign in front of a bracket.

Example 2:

Expand and simplify:
a)  -4(2x – 3y)

b)  6x(3x + 2) – 3(5x – 2)

Solution:
a)  Here we multiply everything in the bracket by -4.


This gives:  -4(2x – 3y) = -8x + 12y
b)  If we multiply out the first bracket we get: 6x(3x + 2) = 18x2 + 12x
     If we multiply out the second bracket, we get:  – 3(5x – 2) = -15x + 6.

Putting it all together: 6x(3x + 2) – 3(5x – 2) = 18x2 + 12x - 15x + 6 = 18x2 – 3x + 6.
Examination Question:
a)  Multiply out:  
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b)  Multiply out and simplify:  3(2a + 6) – 2(3a – 6)

c)  Simplify:  
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Expanding out double brackets:  When there is a pair of brackets multiplied together, you need to multiply everything in the first bracket by everything in the second.

Example:  Multiply out the following brackets:

a)  (3x – 2)(x + 4)

b)  (2x – 3y)(2x – 4)

c) (2x + 3y)2 
Solution:

a)  (3x – 2)(x + 4)


We can expand these brackets directly, multiplying everything in the first bracket by the terms in the second bracket.  This gives:


(3x – 2)(x + 4) = 3x2 + 12x – 2x – 8 = 3x2 + 10x – 8.
Alternatively, you can draw a grid to help expand the brackets:


	        ×
	3x
	-2

	        x
	3x2
	-2x

	        4
	12x
	-8


b)  (2x – 3y)(2x – 4)
The grid for this would look like:


	        ×
	2x
	-3y

	      2x
	4x2
	-6xy

	       -4
	-8x
	+12y


c) (2x + 3y)2
To square a bracket, you multiply it by itself! Drawing a grid:

	        ×
	2x
	3y

	      2x
	4x2
	6xy

	      3y
	6xy
	9y2


Examination Questions:

Expand and simplify:

1) (2x – y)(3x + 4y)

2) (2x – 5)(x + 3)

3) (3x – y)2
Factorising

Factorising is the reverse of multiplying out brackets, i.e. when you factorise an expression you need to put brackets back into an expression.

Common factors: Some expressions can be factorised by finding common factors.
Example: Factorise the following expressions.

a)  12e + 18
b)  2xy + 5x
c)  x2 – 6x
d)  4x2 + 2x
e)  10x2y – 15xy2.

a)  We look for a common factor of 12e and 18.  We notice that 6 goes into both of them.  We therefore write 6 outside a bracket:

12e + 18 = 6(2e + 3)
b)  We notice that x appears in both 2xy and 5x.  This can be taken outside a bracket:


2xy + 5x = 2×x×y + 5×x = x(2×y + 5) = x(2y + 5)
c)  As x2 is x×x, both x2 and 6x have x as a factor.


So, x2 – 6x = x×x – 6x = x(x – 6)

d)  Looking at the number parts, we notice that 2 is a common factor of both 4 and 2.  


4x2 + 2x = 2(2x2 + x).

This hasn’t been completely factorised yet, as both 2x2 and x also contain an x.  We therefore can an x outside the bracket.


4x2 + 2x = 2(2x2 + x) = 2x(2x + 1).

e)  10x2y – 15xy2:  Looking at the numbers, we see that both 10 and 15 have 5 as a factor.  Both terms also have an x and a y in common.  We can therefore factorise by writing 5xy in front of a bracket.


10x2y – 15xy2 =  5×2×x×x×y – 5×3×x×y×y  = 5xy(2x – 3y)
Note: You can check your answers by expanding out the brackets.

Examination Question

Factorise completely:  (a) x2 – 3x

(b)  2p2q + pq2.

Examination Question 2:

a)  Expand and simplify:  5(3x + 1) – 2(4x – 3).

b)  Expand and simplify: (x + 5)(x – 3).
c)  Factorise completely:  6a2 – 9ab.

Factorising quadratics

Simple quadratics like 
[image: image44.wmf]2

3

2

+

+

x

x

 or 
[image: image45.wmf]12

7

2

+

-

x

x

 can often be factorised into two brackets.

	General steps for factorising 
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	Example:  Factorise 
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	Step 1:  Find two numbers that multiply to make c and add to make b.
	Step 1:  Find two numbers that multiply to make 18 and add to give 9.  These numbers are 6 and 3.

	Step 2:  Write these two numbers in the brackets:


(x          )(x            )
	Step 2:  The factorised expression is 



(x + 9)(x + 3)


Example 2:  Factorise 
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We need to find two numbers that multiply to make 12 and add to give -7.  These numbers are -3 and -4.

So the answer is (x – 3)(x – 4).

Example 3:  
a)  Factorise 
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b)  Solve 
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a)  We have to find two numbers that multiply to make -20 and add to give -8.  These are -10 and 2.


The factorised expressions is (x – 10)(x + 2).

b)  To solve the equation 
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 we use our factorised expression: (x – 10)(x + 2) = 0.


We have two brackets that multiply together to make 0.  The only way this can happen is if one of the brackets is 0.  


If the first bracket is 0, then x – 10 = 0, i.e. x = 10.

If the second bracket is 0, then x + 2 = 0, i.e. x = -2.

So the solutions are x = 10 and x = -2.

Examination question
Factorise 
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Hence or otherwise solve 
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Examination question:

a)  Factorise 2x + 8y.

b)  Factorise completely 3ac2 – 6ac.

c)  Factorise 
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Examination question:

a)  Expand and simplify (x + 5)(x – 3).

b)  Factorise 
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c)  Solve 
[image: image56.wmf]14

5

2

-

-

x

x

= 0.

Difference of two squares

When you expand out the brackets for (x + a)(x – a) you get x2 + ax – ax – a2 which simplifies to 
x2 – a2.

The result x2 – a2 = (x + a)(x – a) is called the difference of two squares result.

Examples:

1) y2 – 16 = y2 – 42 = (y + 4)(y – 4).

2) z2 – 25 = z2 – 52 = (z + 5)(z – 5).

3) 9x2 – 4y2 = (3x)2 – (2y)2 = (3x + 2y)(3x – 2y).

Examination question:

a) Factorise x2 – y2.

b) Use your answer to a) to work out the EXACT answer to

1234567892 – 1234567882.
-4 × -3y = +12y


as two minuses multiply to make a plus!





Adding the numbers inside the grid gives:


(3x – 2)(x + 4) 


= 3x2 + 12x – 2x – 8 


= 3x2 + 10x – 8.





Adding the numbers inside the grid gives:


(2x – 3y)(2x – 4) = 4x2 – 6xy – 8x + 12y


This cannot be simplified!





Adding the expressions inside the grid:


(2x + 3y)(2x + 3y) = 4x2 + 6xy + 6xy + 9y2


                            = 4x2 + 12xy + 9y2





6 goes into 12 twice





6 goes into 18  3 times





x is 1x, so when x is taken outside the bracket, we are left with 1 inside.
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